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Abstract
In this paper, we suggest the following generalisation of Mikhalkin’s simple Harnack curves: a
generalised simple Harnack curve is a parametrised real algebraic curve in (C∗)2 with totally real
logarithmic Gauss map. We investigate which of the many properties of simple Harnack curves
survive the latter generalisation. We also show how tropical geometry allows to construct plenty
of examples. Since generalised Harnack curves can develop arbitrary singularities, in contrast with
the original definition where only real isolated double points can appear, we pay a special attention
to the simplest new instance of generalised Harnack curves, namely curves with a single hyperbolic
node. In particular, we give their topological classification as in [Mik00] and show how such curves
can be recovered from their spine.
Introduction
Simple Harnack curves introduced in [Mik00] are at the crossroad between real algebraic geome-
try, symplectic geometry, complex analysis and physics, see for instance [Mik00], [Bru15], [Kri14] and
[KOS06]. Among the many characterisations of simple Harnack curves, the most concise one is given
in term of the amoeba mapA : (C∗)2 →R2 defined by
A (z, w) := ( log |z|, log |w |).
A real algebraic curve A ⊂ (C∗)2 is a simple Harnack curve if A|A is at most 2-to-1, see [MR01]. The
original definition of [Mik00] is topological and involves the natural toric compactification (C∗)2 ⊂ X∆
given by “the” Newton polygon ∆ of A. Strikingly enough, the real curve A is a simple Harnack curve if
and only if it is maximal in any of the following ways:
– The curve A is maximal with respect to a finite collection of Smith-Thom inequalities, see [Mik04].
During the writing of this paper, the author was supported by the FNS project 140666, the ERC grant TROPGEO and
SwissMAP. The author is grateful to G.Mikhalkin, R.Crétois and E.Brugallé for many useful discussions and comments.
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– The area ofA (A) is maximal among curves with the same Newton polygon, see [MR01].
– The total logarithmic curvature of RA is maximal among curves with the same Newton polygon,
see [PR04].
An other useful characterisation of simple Harnack curves is given in [MO07], see also Section 2 be-
low. Originally, the simple Harnack curves introduced in [Mik00] were assumed to be smooth. Later
on, the authors of [MR01] introduced singular simple Harnack curves as deformation of the curves of
[Mik00]. In [KO06], a complete description of the space of simple Harnack curves in CP 2 were given
(see [Ola17] for a generalisation to any toric surface). It turned out that the singular simple Harnack
curves of [MR01] are exactly the curves at the boundary of the space of smooth simple Harnack curves.
In particular, simple Harnack curves can only develop real isolated double points as singularities.
In the present paper, we suggest the following generalisation: A real algebraic map φ : C → (C∗)2
from a real smooth punctured algebraic curveC is a generalised Harnack curve if the induced logarith-
mic Gauss map γφ :C → CP 1 is totally real, see Section 2. Recall that for an algebraic curve A ⊂ (C∗)2
given as the vanishing locus of a polynomial f , the logarithmic Gauss map γ : A 99KCP 1 defined on the
smooth locus of A is given by
γ(z, w)= [z ·∂z f (z, w) ; w ·∂w f (z, w)].
The parametrisation φ allows to extend the map γ to a meromorphic function γφ on C . The fact that
the above definition generalises the notion of simple Harnack curve of [Mik00] and [MR01] follows
from the works [Mik00] and [PR04].
In this text, we investigate the properties of generalised Harnack curves. In Section 2, we show
that for any generalised Harnack curve φ : C → (C∗)2, the real part RC of the compactified curve C
is an M-curve, see Theorem 1. We also show that the characterization [MO07, Theorem A1] extends
to generalised Harnack curves, see Theorem 2. In Section 3, we provide a tool for constructing gen-
eralised Harnack curves. To do so, we introduce the notion of tropical Harnack curves. We show in
Theorem 3 that the approximation of the latter tropical curves leads to generalised Harnack curves.
Roughly speaking, this construction is a parametrised version of the combinatorial patchworking with
no twisted edges, see for instance [BIMS15, §3]. The latter construction allows in particular to pro-
duce generalised Harnack curves with hyperbolic nodes and complex conjugated nodes. In Section 4,
we focus on generalised Harnack curves with a single hyperbolic node. As noticed earlier, the latter
curves can not be obtained as deformation of simple Harnack curves. As in [Mik00], we undertake the
classification of the topological pairs
Top(φ) :=
(
RX∆, RC
⋃
j∈Z/nZ
RD j
)
where φ :C :→ (C∗)2 is a generalised Harnack curves with a single hyperbolic node, ∆ is “the” Newton
polygon of φ(C ) and the D j are the toric divisors of the toric surface X∆. In Theorem 4, we show
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that the possible topological pairs Top(φ) are indexed by the vertices of ∆ corresponding to smooth
points of X∆. The latter theorem is obtained as a consequence of Theorem 5 stating that the spine of
such a generalised Harnack curve is always a tropical Harnack curve with a single hyperbolic node, see
Definitions 3.6 and 3.17.
To conclude this introduction, let us advertise the class of generalised Harnack curves introduced in
this paper. To underline how important the latter class of curve might be, observe that generalised Har-
nack curves encompass Mikhalkin’s simple Harnack curves as well as reduced A-disriminant curves.
Indeed, the logarithmic Gauss map of A-disriminant curves is a birational isomorphism according to
the Horn-Kapranov parametrisation, see for instance [NP10]. For this reason, generalised Harnack
curves might be thought of as an interpolation between the two aforementioned classes of curves. In
this paper, we establish the foundation to investigate further connections between generalised Har-
nack curves and their tropical avatars. For instance, it would be very useful to generalise the local
coordinates [KO06, Propositions 6 and 10] in order to study the deformations of generalised Harnack
curves. In particular, it would have interesting applications to the study of Severi varieties, in the fash-
ion of [CL18] and [Lan19]. Finally, let us mention that the definition of simple Harnack curves has
been generalised to higher dimension, see for instance [Mik04]. Such generalisation were studied in
[BMRS19] where the authors showed that smooth hypersufaces in (C∗)n with totally real logarithmic
Gauss map are limited to hyperplanes. As suggested by the present work, one should investigate the
case of singular hypersurfaces, considering the fact that reduced A-discriminant hypersurfaces already
provide a non-trivial example of hypersurfaces with (almost) totally real logarithmic Gauss map.
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1 Setting
1.1 Curves in toric surfaces
Consider the complex torus (C∗)2 with coordinates (z, w). In this text, the symbol∆ refers to a compact
lattice polygon ∆ ⊂ R2 with non empty interior given as the convex hull of a finite set of points in
the character lattice Z2 of the torus (C∗)2. Define the toric surface X∆ ⊃ (C∗)2 as the closure of the
embedding
(C∗)2 ,→CP |∆∩Z2|−1
given coordinate-wise by the monomials zαwβ for (α,β) ∈∆∩Z2, see [CLS11, §2.3]. We denote by n the
number of sides of ∆ ⊂ R2 and fix once and for all a cyclic indexation in Z/nZ of these sides by going
along ∂∆ counter-clockwise. For any j ∈ Z/nZ, we denote by ∆ j the j th side of ∆ and by D j the toric
divisor corresponding to ∆ j . Recall that X∆ is smooth at the pointD j ∩D j+1 if and only if the primitive
vectors supporting ∆ j and ∆ j+1 generate Z2, see [Ful93, §2.5]. In such case, we will say that the vertex
∆ j ∩∆ j+1 of ∆ is smooth. We will also denote
b∆ := #(∂∆∩Z2) and g∆ := #(int(∆)∩Z2).
The complex conjugation induced by the coordinates (z, w) on (C∗)2 extends to a complex conjugation
on X∆. For a complete, smooth real algebraic curve C , we use φ :C → X∆ to refer to a unramified real
algebraic map and denoteC :=φ−1((C∗)2)⊂C . We will say thatφ has degree∆ ifφ(C ) is the vanishing
locus of a Laurent polynomial with Newton polygon ∆. In particular, the curve φ(C ) ⊂ X∆ intersects
every divisor D j in #(∆ j ∩Z2)−1 many points, counted with multiplicities. Also, the curve φ(C ) does
not contain any toric fixed point of X∆. For practical reasons, let us introduce the following notations
C j :=φ−1(D j )⊂C for any j ∈Z/nZ and C∞ :=
⋃
j∈Z/nZ
C j .
The integer b∆ defined above is then the intersection multiplicity of φ(C ) with the union of all the
toric divisors. In particular, if φ(C ) intersects each of them transversally, then #C∞ = b∆. According to
[Kho78], the integer g∆ is the arithmetic genus of φ(C )⊂ X∆.
Recall the amoeba map
A : (C∗)2 → R2
(z, w) 7→ ( log |z|, log |w |)
and the coordinate-wise argument map
Arg : (C∗)2 → (S1)2
(z, w) 7→ (arg(z),arg(w)) .
Denote respectivelyAφ :=A ◦φ and Argφ :=Arg◦φ the maps defined on C .
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Definition 1.1. The amoeba of C (relative to φ) is the subsetAφ(C )⊂R2. The coamoeba of C (relative
to φ) is the subset Argφ(C )⊂
(
S1
)2.
Proposition 1.2 (see [FPT00]). The amoeba of C is a closed subset of R2 such that every connected
component of R2 \Aφ(C ) is convex.
The coordinates z and w , seen as meromorphic functions onC , induce respectively the two mero-
morphic forms d log z and d log w on C . Define the logarithmic Gauss map
γφ :C → CP 1
p 7→ [−(dlog w)(p) ; (dlog z)(p)]
as the quotient of these two forms. The latter definition agrees with the original definition of [Kap91]
when φ is an embedding.
Proposition 1.3. The degree of the logarithmic Gauss map γφ is at most−χ(C ) with equality if and only
if the map φ is an immersion.
Proof. The degree of the logarithmic Gauss map γφ is equal to the number of points in γ−1φ
(
[u; v]
)
for
a generic point [u; v] ∈ CP 1. In turn, the set γ−1φ
(
[u; v]
)
is a subset of the set of zeroes of the form
u · dlog w + v · dlog z. For a generic [u; v] ∈ CP 1, the zeroes of u · dlog w + v · dlog z that are not in
γ−1φ
(
[u; v]
)
are exactly the common zeroes of dlog w = w ′w d w and dlog z = z
′
z d z, that is the set of points
where φ is not an immersion. In order to prove the statement, it remains to prove that the number
of zeroes of u ·dlog w + v ·dlog z is exactly −χ(C ). To see this, note on the one hand that the form
u ·dlog w + v ·dlog z has no pole on C . On the other hand, every point in C∞ is a simple pole of this
form whenever [u; v] is not in RP 1. Indeed, both dlog w and dlog z have a simple pole at each such
point with residue in 2piiZ. Now, we know by Riemann-Roch that the divisor of a meromorphic form
on C has degree g − 2 where g is the genus of C . It follows that the form u ·dlog w + v ·dlog z has
g −2+#C∞ many zeroes. Since −χ(C )= g −2+#C∞, the result follows.
The maps Aφ and Argφ are differentiable maps between smooth surfaces. Following [Mik00], we
denote by F ⊂C the closure of the set of points where the tangent map TAφ has rank 1. Observe that
the points where φ is not an immersion need not to be in F .
Lemma 1.4. The tangent map TAφ has rank 1 at p if and only if the map T Argφ has rank 1 at p. In
particular, the subset F ⊂C is the closure of the set of points where T Argφ has rank 1. Moreover, we have
F = γ−1φ
(
RP 1
)
.
5
Proof. We borrow the arguments of [Mik00, Lemma 3]. Let p ∈ C be a point such that TAφ has rank
1 at p. In particular, the map φ is an immersion at p. Then, the tangent space Tφ(p)φ(C ) contains a
vector v ∈ C2 tangent to the torus {(z, w) ∈ (C∗)2 ∣∣ |z| = |p1|, |w | = |p2|}. Equivalently, the vector v has
purely imaginary logarithmic coordinates. Therefore, the vector i · v ∈ Tφ(p)φ(C ) has real logarithmic
coordinates. Thus, the vector i · v is tangent to {(z, w) ∈ (C∗)2 ∣∣ arg(z) = arg(p1), arg(w) = arg(p2)}.
Equivalently, the vector i · v is in the kernel of T Argφ. We deduce that T Argφ has rank 1 at p since v is
not in the kernel of T Argφ. The latter arguments are obviously symmetric so that TAφ has rank 1 at p
as soon as T Argφ as rank 1 at p. The first part of the statement follows. We know that TAφ has rank 1 at
p if and only ifφ is an immersion at p and Tφ(p)φ(C ) contains a vector i ·v with real coordinates, if and
only if φ is an immersion at p and γφ(p) ∈ RP 1. Since the set of points where φ is not an immersion is
discrete, the second part of the statement follows.
Remark 1.5. Any point of C mapped to the boundary ofAφ(C ) belongs to F . By the above lemma, the
real part RC of the curve C is always contained in F .
Write z = ex1+i x2 and w = e y1+i y2 . The following observation is due to Mikhalkin.
Lemma 1.6. For any algebraic map φ : C → X∆, the 2-forms Aφ∗
(
d x1 ∧ d y1
)
and Arg ∗φ
(
d x2 ∧ d y2
)
coincide on C . It implies that∫
C
Aφ
∗(d x1∧d y1)= ∫
C
Arg ∗φ
(
d x2∧d y2
)= 0
and ∫
C
∣∣Aφ∗(d x1∧d y1)∣∣= ∫
C
∣∣∣Arg ∗φ (d x2∧d y2)∣∣∣ .
Proof. At any point of C , we have the local descriptions Aφ =ℜ◦Log◦φ and Argφ = ℑ◦Log◦φ where
Log is a local determination of the coordinatewise logarithm and ℜ and ℑ are the projections on the
real and imaginary coordinates respectively. Set x := x1+ i x2 and y := y1+ i y2. Then, the pullback to
the curve C of the holomorphic 2-form d x∧d y by Log◦φ vanishes everywhere. In particular, we have
that the pullback ofℜ(d x∧d y)= d x1∧d y1−d x2∧d y2 vanishes everywhere onC . The first part or the
statement is proven. The equalities
∫
C Aφ
∗(d x1∧d y1)= ∫C Arg ∗φ (d x2∧d y2) and ∫C ∣∣Aφ∗(d x1∧d y1)∣∣=∫
C
∣∣∣Arg ∗φ (d x2∧d y2)∣∣∣ follow directly. Finally, the smooth map Aφ : C → R2 has a well defined degree
as the map is proper. This degree is necessarily 0 asAφ is not surjective. It implies that
∫
C Aφ
∗(d x1∧
d y1
)= deg(Aφ)Area(Aφ(C ))= 0 and the lemma is proven.
Definition 1.7. For an algebraic map φ :C → X∆, define
Areaφ(C ) :=
∫
C
∣∣Aφ∗(d x1∧d y1)∣∣= ∫
C
∣∣∣Arg ∗φ (d x2∧d y2)∣∣∣ .
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Define the Ronkin function Nφ :R2 →R associated to φ by
Nφ(x, y) := 1
(2ipi)2
∫
A −1(x,y)
log | f (z, w)|
zw
d z∧d w
where f (z, w) is any Laurent polynomial with Newton polygon ∆ and such that φ(C )= {(z, w) ∈ (C∗)2 ∣∣
f (z, w)= 0}. The function Nφ is convex and affine linear on each connected component of R2 \Aφ(C ),
see [PR04, Theorem p. 483]. Consequently, the gradient grad Nφ is constant on each such component.
Define the order map ord :
{
connected components of R2 \Aφ(C )
}→Z2 by
ord(E) := grad Nφ(p)
for any point p ∈ E . The latter definition agrees with the original definition [FPT00, Definition 2.1]
according to [PR04, Theorem p. 483]. The proposition below is a follows from [FPT00, Propositions 2.4
and 2.5].
Proposition 1.8. The order map ord is injective and valued in∆∩Z2. A components E ⊂R2 \A (C ) maps
to int(∆)∩Z2 if and only if E is compact. Moreover, every vertex of ∆ is in the image of ord.
Denote by Eφ the set of connected components of R2 \Aφ(C ). For any E ∈ Eφ, denote by N Eφ the
affine linear function on R2 extending (Nφ)|E . Then, the spineSφ is defined as the corner locus of the
piecewise affine linear and convex function
Sφ :=max
E∈Eφ
N Eφ .
The spine Sφ ⊂ R2 is a piecewise linear graph in the plane. In Section 3, we will see that Sφ is a
tropical curve when equipped with appropriate weights. According to [PR04, Theorem 1], we have the
following.
Theorem 1.9. The spineSφ is a deformation retract of the amoebaAφ(C ).
Let us conclude this section with some elementary lemmas.
Lemma 1.10. Let (a,b) ∈ Z2 be a primitive integer vector supporting the side ∆ j . For any point p ∈C j ,
we have
γφ(p)= [a ; b] .
In particular, we have the inclusion C∞ ⊂ F .
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Proof. Assume for a moment that∆ j−1 and∆ j are supported respectively on the on the vertical and on
the horizontal coordinate axis of Z2. In particular, we have that ∆ j−1∩∆ j = (0,0) and that (C∗)2 ⊂C2 is
an affine chart of X∆ in a neighbourhood ofD j−1∩D j such thatD j = {z = 0} andD j−1 = {w = 0}. Then,
there exists a holomorphic coordinate t on C centered at p such that
z(t )= z0+ zn t n +o(t n) and w(t )= t m +o(t m)
where z0, zn ∈C∗ and n,m ∈Z≥1. It follows that
γφ(p) = lim
t→0
[−dlog(w(t )) ; d log(z(t ))] = lim
t→0
[
−w
′(t )
w(t )
;
z ′(t )
z(t )
]
= lim
t→0
[
−mt
m−1+o(t m−1)
t m +o(t m) ;
nzn t n−1+o(t n−1)
z0+ zn t n +o(t n)
]
= lim
t→0
[
−mt
m +o(t m)
t m +o(t m) ;
nzn t n +o(t n)
z0+ zn t n +o(t n)
]
= lim
t→0
[
−m+o(1)
1+o(1) ;
nzn t n +o(t n)
z0+ zn t n +o(t n)
]
= [1 ; 0] .
In the general case, consider the integer affine linear transformation (α,β) 7→ (α,β) · ( d −b−c a )+ (e, f )
of the character lattice Z2 sending the polygon ∆ to a polygon ∆′ such that the respective images of
∆ j−1 and ∆ j are as in the above paragraph. Here, we have det
(
d −b−c a
) = 1. The dual map of complex
tori ψ : (C∗)2 → (C∗)2 given by ψ(z, w) = (zd w−c , z−b w a) extends to an isomorphism ψ : X∆′ → X∆. In
particular, we have a factorisation φ=ψ◦φ′ where φ′ :C → X∆′ . It follows that
γφ =
[
−dlog(z−b w a) ; d log(zd w−c)] = [−dlog w ; d log z] ·(a c
b d
)
= γφ′ ·
(
a c
b d
)
.
The result follows now from the above paragraph.
Lemma 1.11. – F ⊂ C is smooth if and only if γφ has no branching point on RP1. In this case, F is a
disjoint union of smoothly embedded circle in C .
– If α is a smooth connected component of F and (Aφ)|α is non-constant, then the Gauss map of the
parametrised curveAφ :α→R2 is given by the restriction of γφ to α. In particular, the latter Gauss map
is monotonic and (Aφ)|α has no inflection point.
– If α is a smooth connected component of F and (Argφ)|α is non-constant, then Gauss map of the
parametrised curve Argφ : α→ R2 is given by the restriction of γφ to α. In particular, the latter Gauss
map is monotonic and (Argφ)|α has no inflection point.
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Proof. The first part of the Lemma is proven in [Lan, Proposition 1.1]. For the second and third parts,
observe first that the restriction of γφ toα is a local diffeomorphism, otherwiseαwould not be smooth.
If the Gauss maps of (Aφ)|α and (Argφ)|α are described by γφ as we claim, it follows that the latter
parametrised curves have no inflection. Note also that (Aφ)|α and (Argφ)|α are real analytic so that
each map is either constant or locally injective. In particular, each parametrised curve admits a Gauss
map under the present assumptions. According to the proof of Lemma 1.4, the tangent line to C at
a point p ∈ α contains to real lines kerTpAφ and kerTp Argφ obtained one from another by multipli-
cation by i . The image v of kerTp Argφ by the tangent map to Log◦φ (where Log is any branch of the
coordinate-wise complex logarithm) is a vector with real coordinates in TLog (φ(p))C2. In the latter loga-
rithmic coordinates, the logarithmic Gauss map γφ is given by the usual Gauss map (see [Mik00, §3.2])
while the mapAφ is given by the projection onto the first factor ofC2 =R2⊕iR2. Therefore, we have that
γφ(p)= [v] ∈ CP 1. As v has real coordinates, the tangent map toAφ is the identity on v in the present
logarithmic coordinates. It follows that the Gauss map to the parametrised curve (Aφ)|α equals also
[v] ∈CP 1 at p. The second part of the lemma follows. The third part is proven similarly.
Define CArg to be the real oriented blow-up of C at every point of C∞. Denote by Sp ⊂ CArg the
fiber of the blow-up over p ∈C∞. In particular, we have Sp ' S1.
Lemma 1.12. The map Argφ extends toCArg. Moreover, if the edge ∆ j is supported by a primitive integer
vector (a,b) and φ(p) belongs to D j , then the restriction (Argφ)Sp is an m-covering of a geodesic of slope
(−b, a), where m is the intersection multiplicity of φ(C )∩D j at φ(p).
Proof. Assume first that ∆ j−1 and ∆ j are supported respectively on the vertical and on the horizontal
coordinate axis of Z2. From the proof of Lemma 1.10, we know that there exists a local coordinate t
centered at p such that
z(t )= z0+ zn t n +o(t n) and w(t )= t m +o(t m)
where z0, zn ∈C∗ and n,m ∈Z≥1. Here, the integer m is the intersection multiplicity of C ∩D j at φ(p).
For t = r e iθ, we have
z(t )= z0+ znr ne i nθ+o(r n) and w(t )= r me i mθ+o(r m)
It follows that for any e iθ ∈ S1
lim
r→0 arg
(
z(r e iθ)
)= arg(z0) and lim
r→0 arg
(
w(r e iθ)
)= e i mθ.
This proves the lemma in this case. For the general case, it suffices to use a change of coordinates ψ as
in the proof of Lemma 1.10.
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1.2 Simple Harnack curves
In this section, we give a brief account on simple Harnack curves as introduced in [Mik00]. As we will
mostly deal with singular curves in this paper, we adopt the parametrised point of view used in [Bru15].
Recall that the smooth real algebraic curve C of genus g is an M-curve if its real part RC ⊂C has the
maximal number of connected components, that is g +1.
Definition 1.13. [Mik00, Definition 2] The real algebraic map φ :C → X∆ is a simple Harnack curve if
a) φ is an embedding of degree ∆ and C is an M-curve,
b) there exists a connected componentO ⊂RC such that C∞ ⊂O ,
c) we can orient the topological circle O such that for any j ∈ Z/nZ, any p j−1 ∈ C j−1, p j ∈ C j and
p j+1 ∈C j+1, the point p j lies inside the open arc inO going from p j−1 to p j+1.
Observe that we do not require that φ(C ) intersects D j transversally for any j ∈ Z/nZ in contrast
with [Mik00, Definition 2].
Theorem 1.14. [Mik00, Theorem 3] For any simple Harnack curveφ in X∆ intersecting everyD j transver-
sally, the topological type (
RX∆ , Rφ
(
C
) ⋃
j∈Z/nZ
RD j
)
depends only on ∆, see for instance Figure 1.
RD2
RD1 RD3
φ(RC )
Figure 1: A simple Harnack curve of degree 8 in RP 2.
Definition 1.15. [MR01, Definition 3] The map φ :C → X∆ is a singular simple Harnack curve if
a) the only singular points of φ
(
C
)
are real isolated double points,
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b) the operation of replacing of the singular points of φ
(
C
)
with small real ovals gives a simple Har-
nack curve in X∆.
Theorem 1.16. [MR01, Theorem 1] The real algebraic map φ :C → X∆ of degree ∆ is a possibly singular
simple Harnack curves if and only if one of the following conditions is satisfied
a) Aφ :C →R2 is at most 2-to-1.
b) Area
(
Aφ(C )
))=pi2 Area(∆).
Observe that the above theorem is accurate only when (possibly singular) simple Harnack curves
are allowed to intersect the divisors D j non-transversally. The property b) is illustrated in Figure 2.
There is yet an other equivalent characterisation of simple Harnack curves that is of special interest to
us.
Theorem 1.17 (see [Mik00] and [PR11]). A real algebraic embedding φ : C → X∆ is a simple Harnack
curves if and only if the logarithmic Gauss map γφ :C →CP 1 is totally real, that is
γ−1φ
(
RP 1
)=RC .
C A (C )
RC A (RC )
C∞
Aφ
Figure 2: The amoeba map on a simple Harnack quartic.
2 Generalisation and first properties
Definition 2.1. A real algebraic map φ :C → X∆ is a generalised Harnack curve in X∆ if φ has degree ∆
and if the logarithmic Gauss map γφ :C →CP 1 is totally real, that is
γ−1φ
(
RP 1
)=RC .
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By Lemma 1.4, we have the following reformulation of Definition 2.1.
Proposition 2.2. A real algebraic map φ : C → X∆ is a generalised Harnack curve if and only if φ has
degree ∆ and the inclusion RC ⊂ F is an equality.
According to Theorem 1.17, Definition 2.1 generalises the Definitions 1.13 of smooth simple Har-
nack curves. It is not hard to see that singular simple Harnack curves of Definition1.15 admit a charac-
terisation similar to Theorem 1.17 and that they are particular instances of generalised Harnack curves.
Observe that there is no restriction on the singularities of the curve φ(C ) ⊂ X∆ in Definition 2.1.
We will see later that generalised Harnack curves admit other singularities than real isolated double
points.
Remark 2.3. As a direct consequence of the definition, the real algebraic curve C is of type 1 for any
generalised Harnack curve φ :C → X∆, that is C \RC has two connected components.
Theorem 1. Let φ : C → X∆ be an immersed generalised Harnack curve. Then, the curve C is an M-
curve, that is b0(RC )= g +1 where g is the genus of C .
Proof. Consider the decomposition C = C>0∪RC ∪C<0 where C>0 is the locus where Aφ is orienta-
tion preserving. Denote C≥0 := C>0∪RC . Since RC = ∂C≥0, the real part RC inherits an orientation
from the surface C≥0. Denote by c0, . . .ck the connected components of RC . Inside C≥0 :=C>0∪RC ,
consider a small deformation ` of RC that coincide with RC outside of an ε-neighbourhood of C∞
such that ` avoids C∞ and that the restriction of Aφ to ` is an immersion. Denote by `0, . . . ,`k the
corresponding connected components of `. We carry the orientation of ci to `i . For any immersed
oriented curve c #R2, denote the rotational index ind(c), that is the degree of the map
c → S1
t 7→ c
′(t )
|c ′(t )|
where S1 is oriented clockwise. According to [Kau79, Lemma 2.2], we have that
ind
(
Aφ(`0)
)+·· ·+ ind(Aφ(`k ))= k−1. (1)
Notice also that for any connected component ` j corresponding to a component c j ⊂RC , we have
deg(γφ)|` j = 2 · ind
(
Aφ(` j )
)+#(C∞∩ c j ). (2)
Indeed, the map (γφ)|RC is the composition ofAφ with the above map t 7→ c
′(t )
|c ′(t )| and the 2-to-1 covering
S1 → RP 1 away from C∞. Also, for any point p ∈C∞, there is a unique disc Dp ⊂C≥0 \` adjacent to p
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and the Gauss map Aφ(∂Dp )→ RP 1 has degree 1. This justifies the correction term #(C∞∩ c j ) in (2).
From Definition 2.1, Proposition 1.3 and equations (1) and (2), we deduce that
degγφ =−χ(C )= 2(k−1)+#C∞⇔ k = g .
Since the latter is equivalent to C being an M-curve, the result follows.
Let us derive an other characterisation of generalised Harnack curves from [MO07, Appendix A].
Recall the map
Alga : (C∗)2 → (S1)2
(z, w) 7→ (2 arg(z),2 arg(w))
and define Algaφ :=Alga◦φ on C . Define Cbl to be the real blow-up of C at every point of C∞. Denote
by Pp ⊂ Cbl the fiber of the blow-up over p ∈ C∞. In particular, we have Pp ' RP 1. By construction,
we have the factorisation CArg → Cbl → C inducing a double covering Sp → Pp for any p ∈ C∞. Note
that the complex conjugation on C extends to an involution on the real surface Cbl. The fixed locus of
the latter involution consists of the strict transform of RC plus one isolated point in each fibre Pp . We
denote by RCbl ⊂Cbl the strict transform of RC .
Lemma 2.4. The map Algaφ extends to a map Algaφ : Cbl → (S1)2.
Proof. By Lemma 1.12, the map Algaφ extend to CArg. For any p ∈ C∞ and any point q ∈ Pp , the two
preimages of q in Sp are mapped to the same value by Algaφ. Hence, the map Algaφ : C˜Arg → (S1)2
factorises through Cbl and the result follows.
Define the subsetC0 ⊂Cbl byC0 :=Alga−1φ
(
(1,1)
)
. Note that Alga−1
(
(1,1)
)= (R∗)2. Thus, the subset
C0 ⊂ Cbl is the union of RCbl with some isolated points. The isolated points of C0 come either from
isolated singularities of φ(C ) or from non transverse intersection with a toric divisor. Indeed, for any
point p ∈C∞ such that φ(C ) intersects a toric divisor with multiplicity m at φ(p), there are exactly m
point in Pp ⊂Cbl belonging to C0 and exactly one of them belongs to RCbl, see Lemma 1.12.
Define T to be the real blow-up of (S1)2 at (1,1) and CB to be the real blow-up of Cbl at C0. As
blowing-up at a smooth submanifold of codimension 1 does not change the surface, blowing-up is
effective only at isolated points of C0. The theorem below is the analogue of [MO07, Theorem A1].
Theorem 2. A real algebraic immersion φ :C → X∆ is a generalised Harnack curve if and only if φ has
degree ∆ and the map Algaφ : Cbl \C0 → (S1)2 \ (1,1) extends to a covering
Algaφ : CB → T.
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Proof. Assume that φ :C → X∆ is an immersed generalised Harnack curve. By Lemma 1.4 and Propo-
sition 2.2, the restriction of Algaφ toC \RC is a local covering onto its image. As in the proof of [MO07,
Theorem A1], we defined the extension of Algaφ at a point p ∈ RCbl to be the image of the real line
kerTpAφ by Tp Algaφ. The image line sits in the tangent space of (S
1)2 at (1,1). Equivalently, this line
is a point of T in the fibre over (1,1) ∈ (S1)2. According to the proof Lemma 1.11, the latter extension
is essentially given by the logarithmic Gauss map γφ which is monotonic. Hence, this extension is a
covering in a neighbourhood of RCbl. For any isolated point in C0, the extension of Algaφ is given
by the blow-up itself, both at the source and at the target. It follows that Algaφ extends to a covering
Algaφ : CB → T .
Conversely, if φ : C → X∆ is a real algebraic immersion of degree ∆ such that Algaφ extends to a
covering Algaφ : CB → T , then F is necessarily included in RC . According to Proposition 2.2, the map
φ is a generalised Harnack curve.
Corollary 2.5. Assume that φ :C → X∆ is an immersed generalised Harnack curve. Then
Areaφ(C )=pi2
(−χ(CB )).
Assume moreover that φ(C ) has no real isolated singularity and cogenus δ. Then
Areaφ(C )= 2pi2
(
Area(∆)−δ).
Proof. By Definition 1.7, we have that
∫
C Alga
∗
φ (d x2∧d y2)= 4 ·Areaφ(C ). By Theorem 2, we have that
Algaφ extends to a covering Algaφ : CB → T of degree −χ(CB )
/
χ(T ) = −χ(CB ). As the blown-up torus
T coincide with (S1)2 outside of a set of measure 0, we have∫
C
Alga∗φ (d x2∧d y2)= deg(Algaφ) ·
∫
(S1)2
d x2∧d y2 = 4pi2 ·
(−χ(CB )).
The first part of the statement is proven. For the second part, we need to prove that χ(CB ) = 2δ−
Area(∆). Under the present assumptions, the surfaceCB is the real blow-up ofC at b∆-many points. It
follows that
χ(CB )=χ(C )−b∆ =
(
2−2(g∆−δ)
)−b∆ = 2δ− (2g∆+b∆−2)= 2(δ−Area(∆))
by Pick’s Formula.
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3 Tropical constructions
3.1 Phase-tropical curves
3.1.1 Tropical curves
Let us recall some standard notions about tropical curves in the plane. All definitions, statements and
their proofs can be found in [Mik05], [IMS09], and [BIMS15].
A tropical Laurent polynomial in two variables x and y is a function
f (x, y)= “ ∑
(α,β)∈A
c(α,β)x
αyβ"
where A ⊂Z2 is a finite set and the usual arithmetic operations are replaced by the tropical ones
“x+ y" :=max{x, y} and “x y" := x+ y.
Any tropical Laurent polynomial is piecewise affine linear and convex. The Newton polygon New( f )
of f is the convex hull of A in R2 =Z2⊗ZR. The tropical zero set Z ( f ) of f is defined as the subset of
R2 where f is not smooth. Formally, we have
Z ( f )=
{
(x, y) ∈R2 ∣∣ f (x, y)= “c(α1,β1)xα1 yβ1 "= “c(α2,β2)xα2 yβ2 ", (α1,β1) 6= (α2,β2) ∈ A} .
Consequently, any non-empty tropical zero set is a piecewise linear graph with rational slopes in R2. If
g is another tropical Laurent polynomial given by
g (x, y) := “c(α,β)xαyβ · f (x, y)",
then Z ( f ) =Z (g ) but the converse fails to be true. For a tropical Laurent polynomial f with Newton
polygon ∆, consider its extended Newton polygon
∆˜ := conv{((α,β), t) ∈R3 ∣∣ (α,β) ∈ A, t ≥ c(α,β)} .
The projection on the first two coordinates of the union of all closed bounded faces of ∆˜ induces a
subdivision Sub f of∆. The Legendre transform gives rise to the following duality, see [IMS09, Theorem
3.3].
Proposition 3.1. Let f be a tropical Laurent polynomial in two variables. The subdivision of R2 induced
byZ ( f ) is dual to the subdivision Sub f of ∆ in the following sense
– the 2-cells of R2 \Z ( f ) are in bijection with vertices of Sub f and the 2-cells of Sub f are in bijection
with the vertices of Z ( f ),
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– any edge of Z ( f ) is in bijection with an edge of Sub f with orthogonal direction.
– The above correspondence reverses the incidence relation.
Moreover, the unbounded 2-cells of R2 \Z ( f ) are dual to boundary points of∆ and unbounded edges
of Z ( f ) are dual to edges on the boundary of ∆.
Definition 3.2. Let f be a tropical Laurent polynomial in two variables. For any edge ε of Z ( f ), the
weight w(ε) of ε is the integer length of its dual edge ε∨ in Sub f , that is #(ε∨∩Z2)−1. A tropical curve
C ⊂R2 is a tropical zero setZ ( f ) together with the weights w(ε). If ∆ is the Newton polygon of f , denote
by SubC := Sub f the subdivision of ∆ dual to C .
Remark 3.3. The convex piecewise affine linear function S f defining the spine of the curve
{
f = 0} ⊂
(C∗)2 is a tropical Laurent polynomial, see Section 1.1. Equipped with the collection of weights of Defi-
nition 3.2, the spine of an algebraic curve in (C∗)2 is a tropical curve.
Definition 3.4. An abstract tropical curve is a finite graph with 1-valent vertices removed and equipped
with a complete inner metric. A proper continuous map h : C → R2 from an abstract tropical curve C is
a parametrised tropical curve if the image of any unit tangent vector to C under the differential dh is
in Z2 ⊂R2, and if for each vertex v ∈C we have∑
e
u(e)= 0
where the sum is taken over all edges adjacent to v, and u(e) is the image under dh of the unit tangent
vector to e such that this vector points outward of v.
A parametrised tropical curve h : C → R2 is nice if the image of any unit tangent vector to C under
the differential dh is a primitive integer vector and if h is injective outside of a finite subset of C . The
parametrised tropical curve h : C →R2 is very nice (VN for short) if moreover C is trivalent.
Remark 3.5. The image h(C ) ⊂ R2 of a parametrised tropical curve is a tropical curve in R2 when
equipped with the appropriate weights. For nice parametrised tropical curves, these weights are all equal
to 1.
Definition 3.6. Let h : C → R2 be a parametrised tropical curve. We denote the set of vertices and edges
of C by V (C ) and E(C ) respectively. As a convention, edges are always open. If h is nice, the points of
h(C ) having several preimages in C are called the nodes of C . The multiplicity of a node n is the integer
m(n) := 2Area(n∨) where n∨ is the 2-cell dual to n in Subh(C ). A node n is hyperbolic if m(n) = 2. In
particular, it has exactly two preimages in C .
The Newton polygon of h : C → R2 is the Newton polygon of any tropical Laurent polynomial defining
h(C ). It is defined only up to translation.
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We end up this subsection by recalling what is the stable intersection of two tropical curves C1 and
C2 in R2. The stable intersection of C1 and C2 is a formal sum of point in C1∩C2. If C1 and C2 intersect
each other transversally (in particular, away from their vertices), then the stable intersection of C1 and
C2 is the sum ∑
p∈C1∩C2
mp (C1,C2) ·p
where mp (C1,C2)= 2Area p∨ and p∨ is the 2-cell dual to p in SubC1∪C2 . For any curves C1 and C2, there
is an open dense subset U ⊂ R2 such that for any ~v ∈U , the tropical curves C1 and C2+~v intersect
transversally as above. The stable intersection of C1 and C2 is the limit of the stable intersection of C1
and C2+~v when ~v tends to 0 and it does not depend on ~v , see [RST05] for more details.
3.1.2 Phase-tropical curves
As in [Mik05, §6], consider the change of the holomorphic structure
Ht : (C∗)2 → (C∗)2
(z, w) 7→
(
|z| 1log(t ) z|z| , |w |
1
log(t )
w
|w |
)
.
Observe that
A ◦Ht = 1
log(t )
A .
Denote L := {(z, w) ∈ (C∗)2 ∣∣ z+w +1= 0}. The sequence of topological surfaces {Ht (L )}t>1 con-
verges in Hausdorff distance to the so-called phase-tropical line L when t tends to ∞. Let us describe
L. The amoeba A (L) ⊂ R2 is the tropical line Λ := Z (“0+ x + y") consisting of 3 half-rays emanating
from (0,0) and directed by (−1,0), (0,−1) and (1,1) respectively. The preimage byA|L of the latter open
rays are cylinders in {z = 1}, {w = 1} and {z = w} respectively. These cylinders glue to the preimage by
A|L of (0,0): the latter is the pair of pants given as the closure of Arg(L )⊂ (S1)2. The phase-tropical line
L is then homeomorphic to a sphere with 3 punctures, see Figures 3 and 4.
Here, a toric transformation is a map A : (C∗)2 → (C∗)2 of the form
(z, w) 7→ (z0za w b , w0zc w d )
where (z0, w0) ∈
(
C∗
)2 and (a bc d ) ∈ GL2(Z). The map A descends to an affine linear transformation on
R2 (respectively on (S1)2) by composition with the projectionA (respectively Arg) that we still denote
by A.
Definition 3.7. A general phase-tropical line in (C∗)2 is the image of L by any toric transformation.
For a 3-valent abstract tropical curve C and any vertex v ∈ V (C ), we denote by Yv ⊂ C the tripod
obtained as the union of v with its 3 adjacent edges in C .
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L ⊂ (C∗)2
z = 1
w = 1 z =w
Λ⊂R2
Figure 3: The fibrationA : L →Λ.
Definition 3.8. A simple phase-tropical curve V ⊂ (C∗)2 supported on a VN parametrised tropical curve
h : C →R2 (see Definition 3.4) is a topological space such that :
–A (V )= h(C ),
– for any v ∈ V (C ), there exists a unique general phase-tropical line Γv ⊂ (C∗)2 such that h(Yv ) ⊂
A (Γv ) and Γv ∩A −1
(
h(Yv )
)⊂V ,
– for any e ∈ E(C ), v1 and v2 its two adjacent vertices in C , Γv1 and Γv2 coincide onA −1
(
(h(e)
)
,
– V =⋃v∈V (C )Γv ∩A −1(h(Yv )).
Remark 3.9. By construction, a simple phase-tropical curve V ⊂ (C∗)2 is a smooth topological sur-
face away from finitely many transversal self-intersection points sitting over the nodes of tropical curve
h(C )⊂ R2. The latter surface can be normalised by blowing up (C∗)2. The result is a smooth topological
surface of genus g with n puncture where g := b1(C ) and n is the number of unbounded edges of C . This
normalisation can be obtained as a phase-tropical morphism but we do not need this formalism here.
We refer to [Mik05, §6.3] and [Lan15].
Similarly to Riemann surfaces, simple phase-tropical curves can be described in terms of Fenchel-
Nielsen coordinates, see [Lan15]. Recall that Arg(L ) is the union of the 2 open triangles delimited by
the 3 geodesics {arg(z)=−1}, {arg(w)=−1} and {arg(z)=−arg(w)} (in multiplicative notation on (S1)2)
plus their 3 common vertices. On each of the boundary geodesics of Arg(L ), we fix an orientation as
shown on Figure 4. We fix the origin of the geodesics {arg(z)=−1}, {arg(w)=−1} and {arg(z)=−arg(w)}
to be (−1,−1), (1,−1) and (−1,1) respectively. The orientation of each geodesic as well as the choice of
the origin is preserved by each of the 6 toric transformations preservingL . Each pointed and oriented
geodesic is canonically isomorphic to S1 as an Abelian group.
For a general phase-tropical line Γ := A(L), we have thatA (Γ)= A(Λ) and that the fiber in Γ over the
vertex ofA (Γ) is Arg(Γ)= A(Arg(L))= A(Arg(L )). We carry the orientation and origin of the boundary
geodesics of Arg(L) to the boundary geodesics of Arg(Γ) = A(Arg(L)) using the map A. This construc-
tion does not depend on the choice of A. With the latter structure, the boundary geodesics of Arg(Γ)
are canonically isomorphic to S1 as well.
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(-1,-1)
(1,1)
(S1)2
Arg(L )
Figure 4: The coamoeba ofL (in dark gray), and the framing of its 3 boundary geodesics (in blue).
For a simple phase-tropical curve V with underlying VN parametrised tropical curve h : C → R2,
and two vertices v1, v2 ∈V (C ) connected by an edge e ∈ E(C ), the holomorphic annulus
(
A|V
)−1 (h(e))
maps to a geodesic γe in the argument torus. This is a common boundary geodesic of the two coamoe-
bas
(
A|V
)−1 ((h(v1)) and (A|V )−1 ((h(v2)). Hence, the geodesic γe inherits two identifications τ1,τ2 :
S1 → γe from the above construction such that τ−12 ◦τ1 is of the form z 7→ −e iθz. Since τ−12 ◦τ1 is invo-
lutive, the element e iθ ∈ S1 does not depend on the ordering of v1 and v2.
Definition 3.10. Let V ⊂ (C∗)2 be a simple phase-tropical curve supported on h : C → R2. For any
bounded edge e ∈ E(C ), the twist parameter of the edge e is the element e iθ ∈ S1 constructed above.
Definition 3.11. A simple real-tropical curve V ⊂ (C∗)2 is a simple phase-tropical curve that is globally
invariant under complex conjugation. We denote by RV ⊂ (R∗)2 its real point set and by TV the image
of RV under the diffeomorphism
As : (R∗)2 → R2× {±1}2
(x, y) 7→
(( x
|x| ln |x|,
y
|y | ln |y |
)
,
( x
|x| ,
y
|y |
))
.
Remark 3.12. Observe that the amoeba mapA is equal to the composition of the mapAs with
Abs : R2× {±1}2 → R2(
(x, y), (σ,ν)
) 7→ (σx,νy),
Observe moreover that for any e ∈ E(C ), the locus of the holomorphic annulus (A|V )−1 ((h(e)) fixed by
complex conjugation has two connected components when the annulus is real and is empty otherwise.
The following results are easy consequences of the above definitions. The proofs are left to the
reader.
Proposition 3.13. For a simple real tropical curve V ⊂ (C∗)2 supported on h : C → R2, the set TV is a
piecewise linear curve. Moreover, the restriction Abs : TV →C is 2-to-1 and maps any maximal domain
of linearity of TV onto h(e) for some e ∈ E(C ).
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Proposition 3.14. The twist parameters of a real-tropical curve V ⊂ (C∗)2 are always in {−1,1}⊂ S1.
Definition 3.15. For a simple real-tropical curve V ⊂ (C∗)2 supported on h : C → R2, an edge of TV is
any of the two connected components of the preimage byAs of h(e) for some e ∈ E(C ). We denote the set
of edges of TV by E(TV ). An inflection pattern of TV is a collection of three consecutive edges e1, e2 and
e3 of TV such that the piecewise linear arc e1∪e2∪e3 is not convex. Finally, a bounded edge e ∈ E(C ) is
said to be twisted if its twist parameter is -1.
Lemma 3.16. Let V ⊂ (C∗)2 be simple real-tropical curve supported on h : C →R2. An edge e ∈ E(TV ) is
the middle edge of inflection pattern if and only if the edge e ′ ∈ E(C ) such that Abs(e)= h(e ′) is twisted.
In particular, the inflection patterns of TV are in 2-to-1 correspondence with the twisted edges of C .
Proof. The latter can be formulated in terms of signs distribution in combinatorial patchworking, see
for example section 3 of [BIMS15] and references therein. A simple computation allows to describe the
two possible cases pictured in Figure 5.
Abs Abs
TV
TVh(C )
h(e)
Figure 5: The map Abs :TV → h(C ) in a neighbourhood of h(e), e ∈ E(C ), in the twisted case (left) and
in the non-twisted case (right). Observe the two inflections patterns mapping to h(e) in the twisted
case.
3.2 Tropical Harnack curves
Let h : C → R2 be a nice parametrised tropical curve. Consider a loop λ ⊂ C . Note that λ can be
considered as a subset of E(C ). Denote by Γλ ⊂ E(C ) the subset of edges e in λ such that the piecewise
linear arc in R2 formed by h(e) and the image of its two adjacent edges in λ is not convex.
Definition 3.17. A tropical Harnack curve h : C →R2 is a nice parametrised tropical curve such that for
every loop λ⊂C , one has ∑
e∈Γλ
u(e)≡ 0 mod 2 (3)
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where u(e) is the image by dh of any unit tangent vector on e.
Remark 3.18. For any loop λ as in Definition 3.17, the set Γλ is non-empty if and only if h(λ) contains a
node of h(C ), see Definition 3.6 and Figure 6 for examples.
λ λ
Figure 6: Three VN parametrised tropical curves: a cubic, a quadric and quintic from left to right. The
cubic and the quintic are tropical Harnack curves while the quartic is not. The cubic is rational so that
the condition of Definition 3.17 is empty. The red loop λ in both the quartic and the quintic is the only
one for which Γλ is non-empty.
Proposition 3.19. A VN parametrised tropical curve h : C → R2 is a tropical Harnack curve if and only
if there exists a simple real-tropical curve V ⊂ (C∗)2 supported on h and such that such that TV has
no inflection pattern. Moreover, the phase-tropical curve V is unique up to the four sign changes of the
coordinates in (C∗)2.
Definition 3.20. A phase-tropical Harnack curve V ⊂ (C∗)2 is a simple real-tropical curve supported
on a tropical Harnack curve such that TV has no inflection pattern.
Before proving Proposition 3.19, let us recall how one can recover the curveTV for a phase-tropical
Harnack curve V from its underlying tropical Harnack curve h : C → R2. According to Propositions
3.13 and 3.19, each connected component of TV is convex and so is its image by Abs. Also, there are
exactly two connected components of TV whose image by Abs contains a given element in E(TV ).
Now, consider an infinitely thin ribbon R containing C and such that the parametrisation h : C → R2
extends to an immersion on R. By construction, the image by h of any connected component of ∂R
is convex and to any edge in E(TV ) correspond exactly two connected components of ∂R. Up to sign,
the curve TV can be recovered as follows. Each connected component cV ⊂ TV corresponds to a
connected component cR ⊂ ∂R in such a way that h(cR ) = Abs(cV ). For a given edge e ∈ E(C ), the two
components of TV whose image contain e sit in two different quadrants of R2× {±1}2 given by signs
(σ1,ν1) and (σ2,ν2) satisfying (σ1,ν1)− (σ2,ν2)≡ (a,b) mod 2 where (a,b) is a primitive integer vector
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supporting h(e). Indeed, the fiber of A|V over h(e) is a holomorphic annulus given by an equation of
the form
z−b w a = c
where c ∈ R∗. The two connected components of the real part of the latter annulus sit in two different
quadrants of (R∗)2 whose respective signs (σ1,ν1) and (σ2,ν2) satisfy (σ1,ν1)− (σ2,ν2)≡ (a,b) mod 2.
All the latter information allow then to recover TV up to sign, since one needs to know how to lift at
least one of the components of ∂R. This construction is illustrated in Figure 7.
Abs
TV
h(C )
Figure 7: RecoveringTV from the topical Harnack curve h : C →R2. On the right, the immersed ribbon
R is pictured in gray with boundary in blue.
Remark 3.21. The normalisation V˜ of a phase-tropical Harnack curve V inherits a real structure. The
real locus RV˜ ⊂ V˜ is maximal in the sense that b0(RV˜ )= g +n where V˜ is a topological Riemann surface
of genus g with n punctures.
Proof of Proposition 3.19. Suppose there is a simple real-tropical curve V ⊂ (C∗)2 supported on h : C →
R2 and such that TV has no inflection pattern. By Lemma 3.16, it is equivalent to the fact that V has
no twisted edges. For any vertex v ∈ λ, there is a distinguished point among the three vertices of the
coamoeba
(
A|V
)−1 (h(v)), namely the intersection point of the two geodesics corresponding to the two
edges in λ adjacent to v . Let us look at the position of this distinguished point in the argument torus
(S1)2 while going around λ. Going from a vertex v to the next one via an edge e, the point is moved
according to the following rule : if e is not in Γλ, then this point is fixed; if e is in Γλ, this point is moved
by pi ·u(e) in (S1)2 ' (R/2piZ)2. After a full cycle, the distinguished point has to come back to its initial
place. This is equivalent to the condition stated in definition 3.17 on the loop λ. Hence C is a tropical
Harnack curve.
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Conversely, if C satisfies the condition of definition 3.17 for any cycle, pick an initial vertex v0 on
C . There is exactly one possible general phase-tropical line Γv0 such that
(
A|V
)−1 (h(Yv0 )) = Γv0 ∩
A −1
(
h(Yv0 )
)
, up to the four changes of signs of the coordinates. The twists determine the gluing of
the general phase-tropical lines above adjacent vertices along the common edge. Hence, once Γv0 is
fixed, the adjacent general phase-tropical lines are also fixed. The first part of the proof shows that
the condition of definition 3.17 is necessary and sufficient for this construction to close up along every
cycle λ. The proposition is proved.
3.3 Construction by tropical approximation
Recall from Remark 3.9 that any simple phase-tropical curve V ⊂ (C∗)2 supported on h : C →R2 can be
normalised into a smooth topological surface whose topology is governed by C .
Theorem 3.22 (Mikhalkin). Let V ⊂ (C∗)2 be a simple real-tropical curve supported on h : C → R2 with
Newton polygon ∆ such that the normalisation V˜ of V has genus g and n punctures. Then, there exists a
family of Riemann surfaces {Ct }t>>1 ⊂Mg ,n together with immersions φt : Ct → (C∗)2 such that
∗ φt
(
Ct
)
is a real algebraic curve with newton polygon ∆,
∗ φt
(
Ct
)
converges in Hausdorff distance to V .
Proof. This theorem is disseminated in [Mik05]. We refer to [Lan15, Theorem 5] for a proof.
Definition 3.23. Let h : C →R2 be a tropical Harnack curve with Newton polygon ∆. Define Top(h) to be
the topological type (
RX∆, RV
⋃
j∈Z/nZ
RD j
)
where V is any phase-tropical Harnack curve sitting above C (see Proposition 3.19 and Definition 3.20).
The main result of this section, that will arise as a consequence of Theorem 3.22, is the following.
Theorem 3. Let h : C → R2 be a tropical Harnack curve with Newton polygon ∆. Then, there exists a
generalised Harnack curve C ⊂ X∆ such that(
RX∆, RC
⋃
j∈Z/nZ
RD j
)
=Top(h).
Before giving the proof, let us illustrate Theorem 3 with some examples. Recall that the simple
Harnack curves considered previously in the literature could only develop real isolated double points
as singularities, see [MR01]. Using the latter theorem, we are able to construct generalised Harnack
curves with different types of singularity.
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Consider first the tropical Harnack curve of Figure 7. According to the latter theorem, there exists
a generalised Harnack curve C ⊂ P1×P1 whose topological type is described by the curve TV , on the
left of Figure 7. In particular, the real part of C contains an hyperbolic node. As a second example,
consider the tropical Harnack curve of Figure 8. The algebraic curveC ⊂P1×P1 provided by Theorem
3 is a curve of bi-degree (4,2) in P1×P1 with one hyperbolic node and two complex conjugated nodes
coming from the two edges of C intersecting each other with multiplicity 4.
Abs
h(C )TV
Figure 8: TV ⊂P1×P1 for the tropical Harnack curve C .
We now proceed to the proof of Theorem 3. Let V be a phase-tropical Harnack curve supported
on h : C → R2 and with Newton polygon ∆. Our aim is to define an analogue of the real logarithmic
curvature on RV (see [BLdMR13, §5]). The normalisation pi : V˜ → V induces a parametrisation of RV
(and thenTV ) by RV˜ . We can compactify the latter parametrisation by filling the punctures of V˜ at the
source and considering the closure of RV in X∆. Moreover, we can orient the source according to one
of the two halves of V˜ \RV˜ . Now, consider any isotopy of the latter parametrisation in RX∆ inducing
a smoothing of the vertices of TV , see Figure 9. Define the total logarithmic curvature κRV of RV to
be the absolute value of the degree of the Gauss map from the deformation of the parametrised curve
TV into RP 1. Clearly, the latter number depends neither on the deformation nor on the choice of
orientation on RV˜ .
TV
Figure 9: A deformation of TV into a smoothly immersed curve.
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Proposition 3.24. The total logarithmic curvature κRV is equal to −χ(V˜ ).
Proof. On the one hand, notice that −χ(V˜ ) is equal to the number of vertices of C . Indeed, the surface
V˜ is obtained by gluing pairs of pants, one for each vertex in C . On the other hand, we can compute
the logarithmic curvature of RV by computing contribution over every tripod in C . Formally, we can
choose an ε-deformation of TV tangent to TV at the middle of every edge. The middle points of all
edges of TV cut the deformation of TV into 3 · #V (C ) arcs. Since TV has no inflection pattern, we
can choose one of the two orientations on RV˜ such that all the 3 ·#V (C ) oriented arcs are convex. In
particular, they contribute positively to the Gauss map. Now, for any vertex v of C , there are exactly 3
of the latter arcs whose image by Abs intersect the ε-neighbourhood of h(v). It is easy to see that the
contribution to the Gauss map of these 3 arcs is 1 (see also [BLdMR13, Proposition 5.8]). It follows that
κRV is equal to the number of vertices of C .
Proof of Theorem 3. For t large enough, the real part of the immersed curve φt
(
Ct
)
in Theorem 3.22
realises the topological type Top(h) and the parametrisation (φt )|RCt is a small deformation of the
parametrisation of RV ⊂ X∆ considered above. On the one hand, we know that κRV is given by −χ(V˜ )
by the previous proposition. On the other hand, the total logarithmic curvature κRV is the total loga-
rithmic curvature ofφt (RCt ), which is, in other words, the degree of the restriction of γφt to RCt . Since
χ(V˜ ) = χ(Ct ), it follows from Proposition 1.3 that γφt is totally real. According to Proposition 2.2, the
latter is equivalent to φt :Ct → X∆ being a generalised Harnack curve. The result follows.
4 Generalised Harnack curves with a single hyperbolic node
4.1 Tropical Harnack curves with a single hyperbolic node
Proposition 4.1. Let h : C → R2 be a tropical Harnack curve with Newton polygon ∆. Assume moreover
that h(C ) has a single node n that is hyperbolic, see Definition 3.6. Then, the parallelogram n∨ dual to
n in Subh(C ) has exactly three of its vertices on the boundary of ∆; these three vertices are distributed on
two sides of ∆ that intersect at smooth vertex ν of ∆.
Proof. Suppose to the contradiction that n∨ has at least two vertices v1 and v2 in the interior of ∆.
Consider the polygonal domain P ⊂ ∆ obtained by taking the union of n∨ with all 2-cells of Subh(C )
having either v1 or v2 as a vertex. The only lattice points in the interior of P are v1 and v2. It follows
that the subset in h(C ) dual to P has exactly two cycles. Consequently, the preimage of the latter subset
in C has only one cycle λ˜. There are two cases : either v1 and v2 are consecutive or opposite in n∨. In
the first case, the set Γλ (see Definition 3.17) consists of a single edge, namely the edge dual to the edge
of n∨ joining v1 to v2. In the second case, the set Γλ consists of the two edges crossing at the node n.
In both cases, the condition of Definition 3.17 is not fulfilled. This leads to a contradiction. It follows
that n∨ has at most one vertex outside ∂∆.
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The parallelogram n∨ cannot have four vertices on ∂∆, otherwise C would be reducible and tropical
Harnack curves are irreducible by definition. We deduce that n∨ has exactly three vertices on ∂∆. Now,
it follows from elementary observations that these three vertices are distributed on exactly two sides of
∆ and that these two sides of ∆ intersect at a smooth vertex of ∆.
Definition 4.2. Let h : C → R2 be a tropical Harnack curve with a single hyperbolic node n. We say that
the node of C is next to ν if ν is the smooth vertex of the Newton polygon of C given in Proposition 4.1.
Proposition 4.3. For any smooth vertex ν ∈∆ and any pair h1, h2 of tropical Harnack curves with New-
ton polygon ∆ and with a single hyperbolic node next to ν, we have
Top(h1)=Top(h2).
We denote by Top(∆,ν) the topological type Top(h) for any tropical Harnack curve h with Newton poly-
gon ∆ and with a single hyperbolic node next to ν.
Proof. Let h : C → R2 be a tropical Harnack curve with Newton polygon ∆ and with a single hyper-
bolic node next to ν. There is no loss of generality in assuming that ν = (0,0) and that the two sides
of ∆ adjacent to ν are supported on the positive coordinate axes. From Proposition 4.1, we know that
n∨ = conv((0,1), (1,1), (k,0), (k +1,0)), up to permutation of the coordinates. In particular, the preim-
age h−1(n) cuts C into a graph of genus g∆− 1 and two trees: one of these trees is the portion of an
edge mapped vertically to R2 and the other one is a tree whose image in R2 is dual the the subdi-
vided triangle conv
(
(0,1), (0,0), (k,0)
)
in Subh(C ). By making the bounded edges of the latter tree as
small as desired, one can continuously deform the map h so that the two trees of C \ h−1(n) have no
vertices, that is n∨ = conv((0,1), (1,1), (0,0), (0,0)). Along the deformation of h, the topological type
Top(h) remains unchanged. For any choice of sign, we can now reconstruct RV from h as explained
in Section 3.2. It is now clear that the topological type of RV does not depend on h, provided that
n∨ = conv((0,1), (1,1), (0,0), (0,0)).
4.2 Main statements
In this section we undertake the classification of the topological pairs
Top(φ) :=
(
RX∆, RC
⋃
j∈Z/nZ
RD j
)
for generalised Harnack curves φ : C → X∆ with a single hyperbolic node. The main result is the fol-
lowing.
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Theorem 4. Let φ : C → X∆ be a generalised Harnack curve with a single hyperbolic node. Assume
moreover that C intersects transversally every toric divisor at infinity. Then, there is a unique smooth
vertex ν of ∆ such that
Top(φ) :=Top(∆,ν),
see Proposition 4.1 for the definition of Top(∆,ν).
Remark 4.4. For any affine linear transformation A sending∆ to itself, we have Top(∆,ν)=Top(∆, A(ν)).
In the latter theorem, one had to specify the profile of intersection of φ(C ) with the toric divisors
since the topological type Top(φ) depends on it. Transversality is a generic condition and the general
case can be deduced easily from the generic one.
RD2
RD1 RD3
φ(RC )
Figure 10: A generalised Harnack curve of degree 8 in CP 2 with a single hyperbolic node.
Definition 4.5. Let C ⊂ X∆ be a generalised Harnack curve with a single hyperbolic node. The node of
C is said to be next to ν if ν is the smooth vertex of ∆ such that Top(φ) :=Top(∆,ν).
Theorem 5. Let φ : C → X∆ be a generalised Harnack curve with a single hyperbolic node next to ν.
Then, there exist two abstract tropical curves C1,C2 ⊂C exchanged by complex conjugation such that
–A −1φ
(
Sφ(C )
)=C1∪C2 whereSφ(C ) is the spine of φ(C ),
– bothAφ : C1 →R2 andAφ : C2 →R2 are tropical Harnack curves with a single hyperbolic node next
to ν.
Remark 4.6. –It is not known in general if the spine of an algebraic curve of geometric genus g in (C∗)2
can always be parametrised by an abstract tropical curve of genus g . Theorem 5 implies that this is the
case for generalised Harnack curves with a single hyperbolic node.
– In [KO06], it is shown that the map that associates the spine to a simple Harnack curve is a local
diffeomorphism. If the same is true for generalised Harnack curves with a hyperbolic node, it would
allow to study the deformations of such curves and answer the following questions. Can we contract the
image of any compact connected component of RC to a real isolated double point among the space of
generalised Harnack curves with a hyperbolic node? Can we contract the self-intersecting loop of φ(RC )
to a cusp among the same space of curves?
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4.3 Proofs
In this section, the curve φ :C → X∆ is a generalised Harnack curve with Newton polygon ∆ and with
a single hyperbolic node. We assume moreover that φ(C ) intersects every toric divisor transversally,
that is #C∞ = b∆. All the connected components c0, . . . ,ck of RC are oriented so that Aφ(c j ) is locally
convex.
4.3.1 Topological maximality
Proposition 4.7. The set of pointsC∞ is contained in a single connected component c0 ⊂RC . Moreover,
the component c0 contains the two branches of the hyperbolic node.
Proof. In the proof of Theorem 1, we constructed a deformation ` of RC within C≥0 whose connected
components `0, . . . ,`k are in correspondence with the connected components c0, . . . ,ck ofRC and such
that the restriction of Aφ to any ` j is an immersion. Observe that if c j ∩C∞ = ;, then c j = ` j by
construction. We claim the following:
– if c j ∩C∞ = ;, then ind
(
Aφ(c j )
) = 1 if φ(c j ) is smooth and ind(Aφ(c j )) = 2 if φ(c j ) contains the
two branches of the hyperbolic node,
– if c j ∩C∞ 6= ;, then ind
(
Aφ(` j )
) ≤ 0 with equality only if c j contains the two branches of the
hyperbolic node. If moreover ind
(
Aφ(c j )
)<−1, then φ(c j ) necessarily self-intersects.
Suppose to the contradiction that c0 and c1 have non-empty intersection with C∞. Then, either
the two branches of the node lift to a component c j disjoint from C∞ and we deduce from the above
claims that
ind
(
Aφ(`0)
)+·· ·+ ind(Aφ(`k ))≤ 2 · (−1)+ (k−2) ·1+1 ·2= k−2;
or the branches do not lift to a single such component c j in which case
ind
(
Aφ(`0)
)+·· ·+ ind(Aφ(`k ))≤ 1 · (−1)+1 ·0+ (k−1) ·1= k−2.
In both case, we obtain a contradiction with equation (1). The first part of the statement follows.
Let c0 be the component containing C∞. In order to satisfy equation (1), there are two possibilities
left: either the two branches of the hyperbolic node lift to a single component c j , j ≥ 1, or the branches
lift to c0. Indeed, the number of intersection point of any component φ(c j ), j ≥ 1, with any other
component φ(cl ) is necessarily even and φ(C ) has only one node by assumption. In the first case, it
follows from the first claim and equation (1) that ind
(
Aφ(`0)
)=−2. We deduce from the second claim
that φ(c0) has to self-intersect and consequently that the image of φ has at least two nodes. This is a
contradiction. It follows that the two branches of the hyperbolic node lift to c0. In particular, we have
that ind
(
Aφ(` j )
)= 1 for j ≥ 1 and then that ind(Aφ(`0))=−1 in order to satisfy (1).
It remains to prove the two claims. For the first one, the parametrised curve Aφ(c j ) has strictly
positive curvature. In particular, the number of self-intersection of the curve is given by ind
(
Aφ(c j )
)−1.
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Let us now prove the second claim. Assume that c j is such thatAφ is an embedding on each connected
component of c j \C∞. By summing the contribution to γφ of each connected component of c j \C∞,
we obtain that
deg(γφ)|c j +2 · r = #(C∞∩ c j ) (4)
where r is a strictly positive integer, see Figure 11. According to equation (2), the index ind
(
Aφ(` j )
)
is equal to −r ≤ −1. Assume now that there is a connected component α ⊂ c j \C∞ such that Aφ(α)
self-intersects once. We see, using similar arguments, that
deg(γφ)|c j +2 · r = #(C∞∩ c j )+2 (5)
and deduce that ind
(
Aφ(` j )
) = 1− r , see again Figure 11. Finally, if ind(Aφ(` j )) ≤ −2, then there has
to exist a connected components α of c j \C∞ such that Aφ(α) intersects a tentacle of Aφ(c j \C∞) in
two points. One of the two intersection points comes necessarily from a self-intersection of φ(c j ). This
concludes the proof of the second claim as well as the proof of the statement.
Aφ(c j ∩C )
Aφ(α)
1
2
3
4
5
6
78
1
2
3
4
5
6
7
8
Figure 11: Equation (4) on the left and (5) on the right. The degree of (γφ)|c j is the sum of the blue
angles over pi. The sum of the yellow angles is 2pir for a strictly positive integer r . The blue and yellow
angles add up to pi times the number of green segments, that is pi · #(C∞∩ c j ). In the presence of a
component α as pictured on the left, we need to add 2 segments.
Corollary 4.8. Under the assumption of Proposition 4.7, we have that ind
(
Aφ(`0)
)=−1. Moreover, the
two branches of RC mapping to the hyperbolic node of φ(C ) belong to a single connected component
α⊂ c0∩C .
Proof. The equality ind
(
Aφ(`0)
) = −1 is given in the core of the above proof. For the second part of
the statement, assume to the contradiction that Aφ is an embedding on each connected component
of c0∩C . Then, for two distinct components α,β⊂ c0∩C , the convex arcsAφ(α) andAφ(β) intersect
in either 0 or 2 points. In the latter case, either none of the points corresponds to a node of φ(RC ) or
both do. In particular, the number of nodes of φ(C ) is even. This is a contradiction.
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4.3.2 Lifted coamoebas
Let ν be a smooth vertex of ∆. Up to an affine change of coordinates, we can assume that ν= (0,0) and
that the two edges of∆ adjacent to ν are supported on the positive horizontal and vertical axes. Denote
by ∆ν ⊂∆ the polygonal domain defined by
∆ν =∆\ conv
(
(0,0), (0,1), (1,0), (1,1)
)
.
In the statement below, we denote by τ : R2 → R2 the composition of the rotation by −pi/2 and the
homothety by pi, both centred in the origin.
Proposition 4.9. The restriction of the to argument map Arg to C>0 lifts to the universal covering R2 of
(S1)2. Moreover, the closure of the lift of C>0 is a translation of τ
(
∆ν
)
for a unique smooth vertex ν ∈∆ .
Proof. Let us first show that the restriction of Arg to C>0 lifts to the universal covering R2. To see this,
it suffices to show that the induced map Arg∗ : pi1(C>0)→ pi1((S1)2) is trivial. According to Theorem 1
and Proposition 4.7, the set C>0 is an open disc with holes, each hole being bounded by a component
of RC disjoint from C∞. Since the map Arg is constant on each such component of RC , it follows that
the map Arg∗ is identically zero.
Let us now determine the lift of C>0 to R2. Consider the deformation `0 of the component c0 ⊂RC
containing C∞ constructed in the proof of Theorem 1. Recall that `0 coincide with c0 outside of an
ε-neighbourhood of C∞. When ε→ 0, the limit of the lift of `0 to R2 is the image by τ of a piecewise
linear curve Γ ⊂ R2 obtained by concatenation of all the primitive integer segments on ∂∆, according
to Lemma 1.12. If follows also from the the latter lemma that the curve Γ is the green curve of Figure
11, up to rescaling of each edge. In particular, the rotational index of Γ is the same as the one of `0 in
absolute value, that is 1 according to Corollary 4.8. Now, Corollary 2.5 implies that Γ has to enclose a
domain of R2 which area, counted with multiplicities, is pi2(Area(∆)−1) (we applied a factor 1/2 since
C>0 is only one half of C ).
We claim that the latter implies that Γ is the boundary of τ(∆ν) for a smooth vertex ν of ∆. Indeed,
for any pair of consecutive segments in Γ that are not in convex position, the area of the polygonal
domain enclosed by the curve obtained from Γ be permuting these two segments increases at least
by pi2 (if the segments happen to have opposite direction, we do two permutations at once). After
finitely many such permutations, the piecewise linear curve we recover is τ(∂∆). In particular, the
curve τ(∂∆) encloses a domain of area pi2(Area(∆). It follows that Γ has to be obtained from τ(∂∆) by a
single permutation at a smooth vertex.
Remark 4.10. The idea of lifting coamoebas to the universal cover of (S1)2 already appeared in [NP10].
Corollary 4.11. Let ν ∈ ∆ be the smooth vertex given by Proposition 4.9. Let j ∈ Z/nZ such that ν =
∆ j ∩∆ j+1. Then, the (oriented) connected component α⊂ c0∩C of Corollary 4.8 joins RD j+1 to RD j .
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Proof. The connected component β⊂ c0∩C that maps to the non-convex lattice point of τ(∂∆ν) joins
RD j+1 to RD j when oriented so thatAφ(α) is convex. Hence, it has to self-intersect and α=β.
Corollary 4.12. As above, let ν=∆ j∩∆ j+1 be the smooth vertex given by Proposition 4.9. Then, the cyclic
ordering on the setC∞ induced by c0 is as follows: the oriented oval c0 meets all the points ofC1, then all
the points of C2 and so on until Cn , the only exception being that the last point of C j encountered on c0
lies between the two first points of C j+1.
Proof. All the components of c0∩C distinct from α embed in R2 as convex arcs. It follows that each
such component has to join a point of Cl to a point of Cm such that the angle from the side ∆l of ∆ to
the side ∆m is strictly less than pi. From the previous corollary, we know that α joins C j+1 to C j . We
know from Corollary 4.8 that ind
(
A (`0)
)=−1. The cyclic ordering of the statement is the only one to
satisfy the latter conditions.
4.3.3 Spines
Up to a toric transformation, one can assume that ∂∆ contains (0,0), (0,1) and (1,0) and that the vertex
ν given by Proposition 4.9 is (0,0). Consider the affine chart C2 of X∆ whose coordinate axes are the
two toric divisors adjacent to ν. By Corollary 4.11, the arcA (α) is a convex self-intersecting arc with a
vertical asymptote at x =−∞ and a horizontal asymptote at y =−∞. Let p = (p1, p2) ∈R2 be the point
where A (α) self-intersects and choose ε1, ε2 > 0 such that the point (p1+ ε1, p2+ ε2) belongs to the
compact connected component of R2 \A (α). Define the following sets
R := {(x, y) ∈R2∣∣x ≤ p1+ε1, y ≤ p2+ε2} ,
H := {(x, y) ∈R2∣∣x ≤ p1+ε1, y = p2+ε2} ,
V := {(x, y) ∈R2∣∣x = p1+ε1, y ≤ p2+ε2} .
We choose (ε1,ε2) generic such that both H ∩Aφ(C ) and V ∩Aφ(C ) are compact.
Lemma 4.13. The restriction ofAφ toC \A −1φ (R) is at most 2-to-1. In particular, the restriction ofAφ to
RC \A −1φ (R) is an embedding, ∂
(
Aφ(C ) \ R
)=Aφ(RC \A −1φ (R)) and p belongs to R2 \Aφ(C ).
Proof. Here, we will mainly follow the argumentation of [Mik00, Lemma 8]. The restriction ofAφ to any
connected component of RC \α is an embedding since the restriction of φ is. The image of each such
component by Aφ cuts the plane into a convex and a non-convex half. The component Aφ(α) cuts
the plane into three components. Only one of them is convex. It is moreover compact and contains
p in its interior. Among the two remaining non-convex component, one is contained in R, according
to Corollary 4.11. It follows that the image by Aφ of each component of RC ∩A −1φ (R2 \ R) cuts R2 \ R
into a convex and a non-convex half. Now, for any point q ∈ Aφ(C ) \ R not in Aφ(RC ), draw a line
segment L ⊂ (R2 \ R) from q to a point r in a non-compact component of R2 \ (Aφ(C )∪R). If q belong
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to a convex halves, then #A −1φ (q)= 2(b−a) where b is the number of convex halves containing r . From
Corollary 4.12 and the construction of R, we deduce that b = 1. We deduce thatAφ is at most 2-to-1 on
C \A −1φ (R).
For the second part of the statement, observe that Aφ(RC ) is the critical locus of Aφ, see Lemma
1.4. Hence, the restriction of Aφ to RC \A −1φ (R) is an embedding. The inclusion ∂
(
Aφ(C ) \ R
) ⊂
Aφ
(
RC \A −1φ (R)
)
cannot be strict, otherwise there would be points in R2 \ R with more than 2 preim-
ages byAφ. For q = p, we have that a ≥ 1 and #A −1φ (q)= 2(1−a). It follows that a = 1 and #A −1φ (q)= 0.
Lemma 4.14. One has that C ∩A −1φ (R) = CH ∪CV where CH and CV are disjoint Riemann surfaces
with boundary such thatAφ(∂CH )⊂ H andAφ(∂CV )⊂V . Moreover, the restriction ofAφ to either CH
or CV is at most 2-to-1.
Proof. Recall that V ∩Aφ(C ) is compact and p is not in Aφ(C ). Let v1 (respectively v2) be the up-
permost (respectively lowermost) point on V ∩Aφ(C ). By the previous lemma, both v1 and v2 sits on
Aφ(c0). Consider any path ρV joining v1 to v2 inside int
(
Aφ(C )
)
\ R. Then, the lift A −1φ (ρV ) is a loop
globally invariant by complex conjugation and cutting c0 in exactly 2 points, according to the previous
lemma. By a symmetric construction, we obtain a path ρH whose lift A −1φ (ρH ) is a loop globally in-
variant by complex conjugation and cutting c0 in exactly 2 points. The paths ρV and ρH can be chosen
disjoint. In particular, the loops A −1φ (ρH ) and A
−1
φ (ρV ) cut C in 3 connected components: one con-
tainsA −1φ (H), one containsA
−1
φ (V ) and the remaining component is disjoint fromA
−1
φ (R). If follows
that we can decompose C ∩A −1φ (R)=CH ∪CV as claimed in the statement.
For the second part of the statement, observe that there is a unique arc in both RCH and RCV that
joins the two coordinate axes of the affine chart C2 (this is an easy consequence of Corollary 4.12). We
conclude by repeating the same arguments as in the proof of the previous lemma to the restriction of
Aφ to CH and CV respectively: for any point r = (−R,−R) ∈R2 with sufficiently big R > 0, we have that
r belongs to the complement ofAφ(C ) and that b = 1.
Lemma 4.15. There exist two holomorphic functions g and h onA −1(R) such that φ(CV ) (respectively
φ(CH )) is the vanishing locus of g (respectively of h) and g ·h = f where f is a defining polynomial for
φ(C ).
Proof. The closure ofA −1(R) in X∆ is a polydisc D centred at the origin of the affine chart C2. In par-
ticular, the polydisc D is a Stein manifold with H 2(D,Z)= 0. According to [GR09, Lemma 12, §VIII.B],
there exist holomorphic functions g and h defined on D whose vanishing locus are φ(CV ) and φ(CH )
respectively. Obviously, the functions g and h can be taken so that f|D = g ·h.
The two functions g and h admit respective Ronkin functions Ng and Nh . Repeating the construc-
tion of Section 1.1, we obtain the spines Sg and Sh in R from piecewise linear function Sg and Sh .
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By convexity of the Ronkin function, we have the inclusionsSg ⊂Aφ(CV ) andSh ⊂Aφ(CH ) and the
spines are deformation retract of the respective amoebas. The order maps of g and h of [FPT00] make
sense and are still injective. The Legendre transform induces a duality between the subdivision of R
induced by Sg (respectively Sh) and a subdivided lattice polygons ∆g (respectively ∆h).
Lemma 4.16. The stable intersection ofSg andSh in R consists of a single point of multiplicity 1.
Proof. We can compose φ with an appropriate rescaling of the map Ht of Section 3.1, that we denote
all together by φt , such that φt (CV ) and φt (CH ) converge in Hausdorff distance to (unparametrised)
phase-tropical curves in A −1(R), see [Mik05, Proposition 6.1(3)]. In the latter construction, we can
require that the Hausdorff limit of A
(
φt (CV )
)
and A
(
φt (CH )
)
areSg andSh respectively. Along the
way, we can guarantee that φt (CV )∩A −1(H) = φt (CH )∩A −1(V ) = ; so that the intersection multi-
plicity of φt (CV ) with φt (Ch) is 1 for all t . In order to conclude, it suffices to show that the sum of
the multiplicities of the stable intersection ofSg andSh is the intersection multiplicity of φ(CV ) with
φ(CH ). Up to a small translation, we can assume that Sg and Sh intersect transversally. The result
follows now from [BIMS15, Proposition 2.13] applied at every intersection point ofSg withSh .
Lemma 4.17. There are three possibilities for ∆h and ∆g :
– ∆g is a vertical segment and ∆h is a triangle contained in an horizontal strip of height 1 with an
horizontal side at the bottom.
– ∆h is an horizontal segment and ∆g is a triangle contained in a vertical strip of width 1 with a
vertical side to the left,
– ∆h is an horizontal segment and ∆g is a vertical segment.
In particular, the spineSh (respectivelySg ) is a tree intersecting H (respectively V ) only once.
Proof. Since CH contains an arc of α whose image by φ intersection the horizontal coordinate axis
of the affine chart C2, the polygon ∆h has an horizontal side at its bottom. Similarly, the polygon ∆g
has a vertical side to its left. According to the previous lemma, the spines Sh and Sh intersect with
multiplicity 1, that is the mixed volume of ∆h with ∆g is 1, see for instance [BIMS15, Exercise 2(4)].
Recall also that Aφ(CH ) does not intersect V and so neither do Sh . In particular, ∆h has no vertical
side to the right. Similarly, ∆g has no horizontal side at the top. The only possibilities left for∆g and∆h
are the ones described in the statement.
Proof of Theorem 5. Since the spineSh (respectivelySg ) is a tree intersecting H (respectively V ) only
once, we deduce that RCH ⊂ c0 and RCV ⊂ c0. It implies thatAφ maps the g∆−1 compact components
of RC in the complement of R. Lemma 4.13 implies that the latter g∆ − 1 ovals bound a compact
component of R2 \Aφ(C ) and then, that the intersection of the spine of φ(C ) with the complement of
R has g∆−1 cycles. We claim that the intersection of the spine ofφ(C ) with R is the union ofSh andSg .
All together, it implies thatA −1φ
(
Sφ(C )
)
is the disjoint union of 2 tropical curves C1 and C2 exchange by
complex conjugation, according to the 2-to-1 property of Lemmas 4.13 and 4.14. Since the preimage
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of the node n ofSφ(C ) is disjoint from the cycles of C1 and C2, bothAφ : C1 →R2 andAφ : C2 →R2 are
Harnack. The fact that n is next to ν= (0,0) follows from Definition 4.2 and the previous lemma.
It remains to prove the claim. SinceSh andSg are both trees, no component of the complement
ofAφ(CH ) is hidden byAφ(CV ) and vice versa. It follows that the piecewise linear function S f defining
the spineSφ(C ) in R is the sum of Sg and Sh . It implies thatSφ(C )∩R =Sh ∪Sg .
Proof of Theorem 4. Recall from Theorem 1 that the quotient of C by its anti-holomorphic involution
σ is a disc with g∆ − 1 holes, bounded by RC . By construction, the graphs C1 and C2 of Theorem
5 are exchanged by σ and project down to a skeleton of the quotient C /σ. If we denote by C the
projection of C1 toC /σ, the inclusion C ⊂C /σ is a ribbon graph such that the Harnack curveAφ : C →
R2 extends into an immersion Aφ : C /σ→ R2. The topological type of Top(φ) can then be recovered
from the procedure described in Section 3.2. SinceAφ : C →R2 is a tropical Harnack curve with a single
hyperbolic node next to ν according to Theorem 5, it follows that
Top(φ)=Top(Aφ : C →R2)=Top(∆,ν).
References
[BIMS15] E. Brugallé, I. Itenberg, G. Mikhalkin, and K. Shaw. Brief introduction to tropical geome-
try. In Proceedings of the Gökova Geometry-Topology Conference 2014, pages 1–75. Gökova
Geometry/Topology Conference (GGT), Gökova, 2015.
[BLdMR13] B. Bertrand, L. López de Medrano, and J-J Risler. On the total curvature of tropical hy-
persurfaces. In Algebraic and combinatorial aspects of tropical geometry, volume 589 of
Contemp. Math., pages 21–43. Amer. Math. Soc., Providence, RI, 2013.
[BMRS19] E. Brugallé, G. Mikhalkin, J.-J. Risler, and K. Shaw. Nonexistence of torically maximal hy-
persurfaces. St. Petersbg. Math. J., 30(1):15–23, 2019.
[Bru15] E. Brugallé. Pseudoholomorphic simple Harnack curves. Enseign. Math., 61(3-4):483–498,
2015.
[CL18] R. Crétois and L. Lang. The vanishing cycles of curves in toric surfaces. I. Compos. Math.,
154(8):1659–1697, 2018.
[CLS11] D. Cox, J. Little, and H. Schenck. Toric varieties, volume 124 of Graduate Studies in Mathe-
matics. American Mathematical Society, Providence, RI, 2011.
34
[FPT00] M. Forsberg, M. Passare, and A. Tsikh. Laurent determinants and arrangements of hyper-
plane amoebas. Adv. Math., 151(1):45–70, 2000.
[Ful93] W. Fulton. Introduction to toric varieties. The 1989 William H. Roever lectures in geometry.
Princeton, NJ: Princeton University Press, 1993.
[GR09] R. C. Gunning and H. Rossi. Analytic functions of several complex variables. Reprint of the
1965 original. Providence, RI: AMS Chelsea Publishing, reprint of the 1965 original edition,
2009.
[IMS09] I. Itenberg, G. Mikhalkin, and E. Shustin. Tropical algebraic geometry. 2nd ed. Basel:
Birkhäuser, 2nd ed. edition, 2009.
[Kap91] M.M. Kapranov. A characterization of A-discriminantal hypersurfaces in terms of logarith-
mic Gauss map. Math. Ann., 290(2):277–285, 1991.
[Kau79] L. H. Kauffman. Planar surface immersions. Ill. J. Math., 23:648–665, 1979.
[Kho78] A.G. Khovanskii. Newton polyhedra and toroidal varieties. Funct. Anal. Appl., 11:289–296,
1978.
[KO06] R. Kenyon and A. Okounkov. Planar dimers and Harnack curves. Duke Math. J., 131(3):499–
524, 2006.
[KOS06] R. Kenyon, A. Okounkov, and S. Sheffield. Dimers and amoebae. Ann. Math. (2),
163(3):1019–1056, 2006.
[Kri14] I. Krichever. Amoebas, Ronkin function, and Monge-Ampère measures of algebraic curves
with marked points. In Topology, geometry, integrable systems and mathematical physics.
Novikov’s seminar: 2012–2014. Selected papers of the seminar, Moscow, Russia, 2012–2014.
Dedicated to S. P. Novikov on the occasion of his 75th birthday, pages 265–278. Providence,
RI: American Mathematical Society (AMS), 2014.
[Lan] L. Lang. Amoebas of curves and the lyashko–looijenga map. Journal of the London Math-
ematical Society, 0(0).
[Lan15] L. Lang. Harmonic Tropical Curves. arXiv e-prints, page arXiv:1501.07121, Jan 2015.
[Lan19] L. Lang. Monodromy of rational curves on toric surfaces. arXiv e-prints, page
arXiv:1902.08099, Feb 2019.
35
[Mik00] G. Mikhalkin. Real algebraic curves, the moment map and amoebas. Ann. of Math. (2),
151(1):309–326, 2000.
[Mik04] G. Mikhalkin. Amoebas of algebraic varieties and tropical geometry. In Different faces of
geometry, pages 257–300. New York, NY: Kluwer Academic/Plenum Publishers, 2004.
[Mik05] G. Mikhalkin. Enumerative tropical algebraic geometry in R2. J. Amer. Math. Soc.,
18(2):313–377, 2005.
[MO07] G. Mikhalkin and A. Okounkov. Geometry of planar log-fronts. Mosc. Math. J., 7(3):507–
531, 2007.
[MR01] G. Mikhalkin and H. Rullgård. Amoebas of maximal area. Int. Math. Res. Not., 2001(9):441–
451, 2001.
[NP10] L. Nilsson and M. Passare. Discriminant coamoebas in dimension two. J. Commut. Alge-
bra, 2(4):447–471, 2010.
[Ola17] J. A. Olarte. The Moduli Space of Harnack Curves in Toric Surfaces. arXiv e-prints, page
arXiv:1706.02399, Jun 2017.
[PR04] M. Passare and H. Rullgård. Amoebas, Monge-Ampère measures, and triangulations of
the Newton polytope. Duke Math. J., 121(3):481–507, 2004.
[PR11] M. Passare and J.-J. Risler. On the curvature of the real amoeba. In Proceedings of the
17th Gökova geometry-topology conference, Gökova, Turkey, May 31 – June 4, 2010, pages
129–134. Somerville, MA: International Press; Gökova: Gökova Geometry-Topology Con-
ferences, 2011.
[RST05] J. Richter-Gebert, B. Sturmfels, and T. Theobald. First steps in tropical geometry. In Idem-
potent mathematics and mathematical physics. Proceedings of the international workshop,
Vienna, Austria, February 3–10, 2003, pages 289–317. Providence, RI: American Mathemat-
ical Society (AMS), 2005.
Matematiska institutionen, Stockholms universitet, 106 91 Stockholm, Sweden
Email : lang@math.su.se
36
